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Abstract—In quantum theory, the expectation value of an observable can be represented as a path
integral. In general, it cannot be computed analytically. There are various approximate methods of lattice
calculations, for example, the Monte Carlo method. Currently, an approach to solving this problem using
neural networks is being developed. In our research, we calculated path integrals in several models of
relativistic quantum mechanics using the normalizing flows algorithm. For fast calculations with high
accuracy, this algorithm was used in conjunction with the Markov chain generation method.
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1. INTRODUCTION

In quantum field theory, the amplitudes of pro-
cesses are expressed in terms of reduction formulae as
the expectation values of Heisenberg operators over
the ground state [1]. Following this approach, it is
necessary to compute the Green functions, defined as

G(t1, ..., tn) = 〈0|x(tn) ... x(t1)|0〉,

where x denotes the dynamic variable of a theory and
{ti}ni=1 presents an ordered set of time points.

We calculate the ground state expectation value
of an observable F for a one-dimensional quantum
mechanics system. We consider the Hamiltonian of
the following form:

H = T (p) + V (x),

where T (·) and V (·) are the kinetic and potential
energies.

The ground state expectation value can be eval-
uated as the Gibbs average in the low temperature
limit:

〈F 〉β =

∑
n e

−β(En−E0)〈n|F |n〉
∑

n e
−β(En−E0)

, (1)

〈0|F |0〉 � 〈F 〉β , β(E1 − E0) � 1,

*E-mail: salnikov@inr.ru

where Z is the partition function, En is the energy
eigenvalue corresponding to the Hamiltonian eigen-
state |n〉 and β is the inverse temperature. The natural
system of units � = c = 1 is used.

On the other hand, the average (1) can be rep-
resented as a path integral with periodic boundary
conditions x(0) = x(β) [2]:

〈F 〉β =
1

Z

∫

D[x(t)] e−S[x(t)]F [x(t)], (2)

where S[·] is the Euclidean action of the system and
t is the imaginary time related to the physical one by
the Wick rotation tph = −it.

Analytical calculation of the path integral (2) is
possible for a limited class of specific models, in
other cases, various approximate methods are ac-
complished. The perturbation theory is one of such
methods. However, in particular physical theories (for
example QCD) the perturbation theory expansion is
not applicable due to the large coupling constant of
the strong interaction. Another approach to compu-
tation of the path integral (2) is a lattice field theory.
In this framework, the path integral approximates to
a finite dimensional integral.

The lattice calculations imply splitting of a seg-
ment [0, β] into N nodes with step of τ = β

N and
correspondence between continuous trajectory of x(t)
and vector xi = x(ti) of the space RN .
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The path integral (2) is approximated by the fol-
lowing N-dimensional integral,

〈F 〉β =

∫

dNx P (x)F (x) +O(τ2), x ∈ R
N ,

P (x) =
e−S(x)

Z
, Z =

∫

dNx e−S(x), (3)

where P (x) is the probability density function and
S(·) is the lattice Euclidean action.

In particular, Green’s two-point function

G(s) = 〈0|x(s)x(0)|0〉, s > 0 (4)

reduces to

Glatt(s) =

∫

dNx P (x)

[
1

N

N∑

i=1

xixi+s

]

. (5)

The integral (3) is calculated by the Monte Carlo
method. We generate a sample of trajectories
{x(k)}Mk=1 containing N-dimensional vectors dis-
tributed according to the probability density function
P (x) [3]. Thus, the integral (3) is approximately equal
to the sample average:

∫

dNx P (x)F (x) � 1

M

M∑

k=1

F (x(k)).

Therefore, the computation of the expectation
value of an observable F is reduced to the problem
of multidimensional vectors (trajectories) generat-
ing with the target distribution P (x). The com-
monly used approach to solving this problem is the
Metropolis algorithm [3].

Lattice Monte Carlo calculation of path integral is
significant for the modern quantum field theory [4] and
condensed matter physics [5] where the systems un-
der consideration have numerous dynamic variables
and other approaches are not applicable.

However, the generation of trajectories using the
Metropolis algorithm requires large computational
and time resources in real problems, so the actual task
is to build a faster algorithm for lattice calculations.
Recently, a new approach where calculations are ac-
celerated using a neural network generative algorithm
of normalizing flows has been actively developing.

This approach has been demonstrated for calcula-
tions in various quantum field models: in the precisely
solvable Ising model [6], in the model φ4 [7] and
QCD [8]. A two-dimensional lattice of N ×N was
studied with a relatively smallN ∼ 16 in these papers.
A two-dimensional lattice N ×N can be regarded as
a system with N degrees of freedom with division of
time interval into N nodes.

The main task of the work is to apply genera-
tive ML algorithms to problems of one-dimensional

quantum mechanics and to evaluate their effective-
ness for lattice calculations with numerous time in-
terval partitioning nodes for various Hamiltonians.
Unlike the mentioned works, we consider lattices not
N ×N , but 1×N , however, with many nodes N =
256 and a more complex target distribution P (x).
Since we do not consider systems with a large num-
ber of degrees of freedom, the results of this work
cannot be directly applied to real calculations.

In a recent paper [9], we investigated quantum
mechanical systems with one degree of freedom with
a nonrelativistic Hamiltonian of the form

H =
p2

2
+ V (x)

and numerous nodes in time N = 256 for some set
of potentials V (x). In the harmonic oscillator model,
the generative model accurately reproduced the target
distribution; in models with higher potentials, the
generative model allowed the Metropolis algorithm
to be accelerated by more than 10 times. In the
first paper, we investigate one-dimensional quantum
mechanical systems with a more complex relativistic
Hamiltonian

H =
√

p2 +m2 −m+ V (x)

for different potentials V (x).

The consideration of quantum mechanical sys-
tems described by the relativistic hamiltonian is mo-
tivated by a number of practical problems in physics
of elementary particles and condensed matter. The
choice of the potentials V (x) conditioned by the most
commonly used models of interaction. As we believe,
the specific type of the potential within a framework of
this research is not important.

2. A RELATIVISTIC PATH INTEGRAL
ON A LATTICE

An action on a lattice S(x) can be represented as
follows [3]

S(x) =
N∑

i=1

τΘ(xi+1 − xi) + τV (xi),

where function of Θ(·) is defined as

exp (−τΘ(ξ)) =

+∞∫

−∞

dp

2π
exp (−τT (p) + ipξ) . (6)

Consider relativistic systems with the following
kinetic term

T (p) =
√

p2 +m2 −m.
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In this case [10], the functionΘ(·) reads as follows,

Θ(ξ) = −1

τ
ln

[
m2τ

π

K1 (η)

η

]

−m, (7)

where η is defined as

η = mτ

√

1 +

(
ξ

τ

)2

.

In the limits of low and large masses, the function
(7) has the following forms

Θ(ξ) =
mξ2

2τ2
+Θ(0), mτ � 1;

Θ(ξ) =
1

τ
ln

[

1 +

(
ξ

τ

)2
]

+Θ(0), mτ � 1.

3. NORMALIZING FLOWS

The Hamiltonian H and probability density
function P (x) for the nonrelativistic harmonic oscil-
lator are

H =
p2

2
+

x2

2
,

P (x) =
1

Z
exp

[

−1

2
(Ax, x)

]

,

where A is a positive-definite symmetric matrix. It’s
not necessary to use complicated algorithms for gen-
erating a sample of trajectories with a target distribu-
tion x ∼ P (x). It is enough to apply a linear map x =

Cz with a set of vectors {z(k)} ∼ NN (0, 1) whose co-
ordinates are independent and have a standard normal
distribution [9].

In more complicated models, the map x = g(z),
which transform a sample of normally distributed vec-
tors z ∼ NN (0, 1) into a sample of vectors with the
target distribution, x ∼ P (x) will be nonlinear and
generally not expressed analytically. However, the
problem of approximating this map by a function from
some multiparametric family can be considered [11].

We search for g in the form of a composition of
affine transformations:

g = An ◦ ... ◦ Ai+1 ◦ Ai ◦ ... ◦ A1.

Each of Ai is defined as

A(u) = u, [A(v)]k = eθ1k(u)vk + θ2k(u), (8)

where the vector z is the direct sum of vectors of equal
length z = u⊕ v and θ : RN → R

N/2 is a some mul-
tiparametric map θ(u) ≡ θ(u|w), where w ∈ R

K are
parameters. It is of the form θ = σ(wmσ(...w1u))),
where wk are arbitrary matrices, σ is a nonlinear

transformation (activation function, LeakyReLU in
this case). Thus, map of θ is a fully connected neural
network.

To accelerate the neural network learning, an or-
thogonal transformation is also used,

x = Og(z).

The matrix O can be constructed in the following
way [9].

We denote the generator of the group ZN in regu-
lar representation as T

Ti,k = δi+1,k; T † = T−1; TN = I.

The transformation O leads T to a block-diagonal
form (the regular representation of ZN is decomposed
into the sum of irreducible ones):

O†TO = 1
⊕

R1

⊕
...
⊕

RN/2−1

⊕
(−1),

where Rk is the rotation matrix by angle 2πk
N .

We constructed the loss function as follows. Con-
sider the Kullback–Leibler divergence DKL(·|·), de-
fined as

DKL(p|q) =
∫

dx p(x) ln
p(x)

q(x)
.

It has the following properties:

DKL(p|q) ≥ 0, DKL(p|q) = 0 ⇔ p(x) = q(x).

Thus, DKL(p|q) can be regarded as the distance be-
tween distributions p and q. We estimate the prob-
ability distribution function of the generated dataset
using substitution of the initial normally distributed
vectors:

Pg(x) = r(z)

∣
∣
∣
∣det

∂g

∂z

∣
∣
∣
∣

−1

, z = g−1(x),

r(z) = (2π)−N/2 exp

[

−1

2
(z, z)

]

. (9)

We use shifted KL-divergence as a loss function [6, 7]

L[w] = DKL(Pg|P )− lnZ.

Taking into account (9), we rewrite it in more
explicit form

L[w] =
1

M

M∑

k=1

{

S(g(zk|w)) − ln

∣
∣
∣
∣det

∂g(zk |w)
∂z

∣
∣
∣
∣

}

.

MOSCOW UNIVERSITY PHYSICS BULLETIN Vol. 79 Suppl. 2 2024



S642 SALNIKOV et al.

nf nf

Fig. 1. Multiscale architecture. We divide the in-
put vector z = (z1, ..., z8) (8-dimensional in this ex-
ample) into two parts, z(1) = (z1, z2, z5, z6) and z(2) =
(z3, z4, z7, z8). Then, we transform them to y(1) =
g1(z(1)) and y(2) = g2(z(2)|y(1)), and concatenate y(1) =
(y1, y2, y5, y6) and y(2) = (y3, y4, y7, y8) into vector
y = (y1, y2, y3, y4, y5, y6, y7, y8). The resulting vector is
x = Oy.

4. MULTISCALE ARCHITECTURE

To accelerate neural network learning and reduce
the number of parameters, we complicated the archi-
tecture of the model [6]. Namely, we used a multiscale
architecture (Fig. 1). The number of nodes was con-
sidered to be equal to an integer power of two N =

2K . We divided the subspace R
N into the direct sum

of subspaces of smaller dimension for some number
m ≤ K − 2.

R
2K = R

2m
⊕

R
2m

⊕
R
2m+1

⊕
...
⊕

R
2K−1

,

z = z(1) ⊕ z(2) ⊕ ...⊕ z(K−m),

y = y(1) ⊕ y(2) ⊕ ...⊕ y(K−m).

The transformations gs act in each of the subspaces

y(s) = gs(z(s), p(s)),

where variables of p(s) contain coordinates on more
“rough” scales and are defined as

p(2) = y(1), p(s) = p(s−1) ⊕ y(s−1).

The variables p(s) are included in the transformation
of gs in the form of additional arguments of the neural
network θ so that (8) is modified as follows

[A(v)]k = eθ1k(u⊕p(s))vk + θ2k(u⊕ p(s)).

Finally, we concatenate y(s) into vector y and obtain
the output vector using the orthogonal transforma-
tion x = Oy.

5. RESULTS

We have examined three models with relativistic
kinetic term:

1. relativistic oscillator (Fig. 2):

H =
√

p2 +m2 −m+
mω2x2

2
;

2. relativistic double well model (Fig. 3):

H =
√

p2 +m2 −m+ g(x2 − x20)
2;

3. relativistic Morse model (Fig. 4):

H =
√

p2 +m2 −m+
1

2

[(
e−αx − 1

)2 − 1
]
.

The trajectories generated by the neural network
approximate the target distribution of P (x) with low
accuracy. To clarify the result, it is necessary to take
the generated trajectories as the initial ones for the
Metropolis algorithm and accomplish several itera-
tions (sweeps). The criterion for termination of the
algorithm is the absence of a change in the average
value of the calculated observable over several itera-
tions. In this case, trajectories are considered to be
thermalized. We compared the results of applying the
Metropolis algorithm to trajectories generated by a
neural network and to “cold” trajectories (with zero

initial configuration: x
(k)
i ≡ 0). In the case of gen-

erated trajectories, the thermalization is on average
2–4 times faster. For various potentials and observ-
ables, the acceleration has different values. Thus, this
approach is model depended.

We calculated the density matrix from the gener-
ated dataset (similarly as in [3]):

ρ(x, x) =
1

Z

∑

n

e−βEn |ψn(x)|2.

It coincides with the ground state wave function un-
der low temperature condition β(E1 − E0) � 1.

The thermal density matrix was also calculated
in the double potential well model (Fig. 3f) In the
case of this model, the coordinate distributions differ
qualitatively at low and high temperatures. At low
temperatures, the presence of two potential minima
is essential, and at high temperatures βgx40 � 1, the
presence of two minima does not affect the coordinate
distribution.

We compare the square of the wave function cal-
culated from the generated trajectories and using the
numerical solution of the Schrödinger equation. The
best match is observed in the double well potential.
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Fig. 2. Calculations were performed at the following values of the parameters: m = ω = 1. The red dots correspond to the
neural network approach, the blue dots correspond to the Metropolis algorithm. Figures present the value of (a) mean square
coordinates 〈x2〉, (b) mean potential energy 〈V (x)〉, and (c) mean kinetic energy 〈T (p)〉 (c) on each sweep. The expectation
values are plotted along the vertical axis, and the number of sweeps Ns on a logarithmic scale, is plotted horizontally. The figure
with label (d) represents the two-point Green function calculated using the generated trajectories before (blue) and after (red)
application of the Metropolis algorithm to them. The figure with label (e) compares the wave functions obtained by averaging
over trajectories (blue) and the numerical solutions of the Shrödinger equation (red).

The generative model qualitatively reflects the depen-
dence of the coordinate distribution on temperature.

The two-point Green function (4) represents dy-
namical properties of the system. We calculated it in
path integral approach using (5). Another approach
that can be used requires numerical computation of
evolution operator U(t)

G(t) =
∑

n

〈0|U †(t)x(0)U(t)|n〉〈n|x(0)|0〉.

To estimate how the generative model represents dy-
namical properties of a system, we calculated the
two-point Green function using generated trajecto-
ries. We also compared the results with the Metropo-
lis algorithm approach (d). Despite the great dif-
ference between the Green function calculated using
the generative model and the true one, there is a
rapid decrease in the correlation of the coordinates of
remote nodes in the models of the oscillator and the
Morse potential.

The code and data are posted in the repository at
the link [12].

6. DISCUSSION

The generative model approximates the target dis-
tribution of P (x) with low accuracy, but this accu-
racy is sufficient to accelerate generation using an
algorithm based on Markov chains several times. In
nonrelativistic models with the kinetic term (2), which
were studied in [9], it is possible to achieve greater
generation accuracy.

The approximation of a path integral (2) by an
integral (3) is more accurate the greater the number
of nodes N . However, for models with a relativistic
kinetic term (7), the quality of generation decreases
with an increase in N (Fig. 5), and it cannot be
improved by increasing the number of weights of
the neural network. The reasons are not completely
clear. This may be due to the behavior of function (7)
at ξ � τ , the presence of local minima in the loss
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S644 SALNIKOV et al.

Metropolis N_s = 4096
Normalizing flow Schrodinger

Normalizing flow
Schrodinger
Normalizing flow

0.75
1.00

0.25
0.50

1.75
1.50
1.25

0

(a)

�x
2 �

Cold start
NN start

20 64 108 12

g = 1, x0 = 1.41, N = 256, � = 64

log2Ns

2.0

1.0
1.5

3.5
4.0

3.0
2.5

0.5

(b)

�V
(x

)�

Cold start
NN start

20 64 108 12

g = 1, x0 = 1.41, N = 256, � = 64

log2Ns

0.6

0.2
0.4

1.2
1.4

1.0
0.8

0

(c)

�K
(p

)�

Cold start
NN start

20 64 108 12

g = 1, x0 = 1.41, N = 256, � = 64

log2Ns

0

�1.0
�0.5

1.5
1.0
0.5

�1.5

(d)

�x
(t

)x
(t

 +
 �

)�

100 3020 5040 60

Double well N = 256, � = 64

�

0.3

0.1
0.2

0.7
0.8

0.5
0.6

0.4

0

(e)
��

(x
)|

2

�4�6 0�2 42 6

Double well � = 64

x
�4�6 0�2 42 6

x

0.15

0.05

0.10

0.25

0.30

0.20

0

(f)


(
x,

 x
)

Double well  � = 1/64

Fig. 3. Calculations were performed at the values of the parameters: g = 1, x0 = 1.41. The red dots correspond to the
neural network approach, the blue dots correspond to the Metropolis algorithm. Figures present the value of (a) mean square
coordinates 〈x2〉, (b) mean potential energy 〈V (x)〉, and (c) and mean kinetic energy 〈T (p)〉 on each sweep. The expectation
values are plotted along the vertical axis, and the number of sweeps Ns on a logarithmic scale is plotted horizontally. The figure
with label (d) represents the two-point Green function calculated using the generated trajectories before (blue) and after (red)
application of the Metropolis algorithm to them. The figure with label (e) compares the wave functions obtained by averaging
over trajectories (blue) and the numerical solutions of the Shrödinger equation (red).

function. Future research is expected to solve this
problem by improving the architecture of the gener-
ative model.

7. CONCLUSIONS

The neural network generative algorithm of nor-
malizing flows allows generating trajectories
with a distribution close to the target, which ac-
celerates the calculation of the average values but
this acceleration may depend significantly on the
model. Generative model represents temperature
dependence of density matrix (in the double well po-
tential). In the models with complicated kinetic term,
the quality of generation decreases significantly under
rising of the number of nodes N . This dependence is
not observed for the nonrelativistic (Gaussian) kinetic
term [9].

We tested the approach on one-dimensional quan-
tum mechanical systems, but the Monte Carlo
method has a significant advantage in problems
with numerous degrees of freedom. In the following
papers, it is proposed to extend this approach to
(1 + d)-dimensional quantum field theory.

APPENDIX

NUMERICAL SOLUTION
OF THE SCHRÖDINGER EQUATION

Consider an algorithm for the numerical solution
of the stationary Schrödinger equation:

Hψ = Eψ

with the Hamiltonian of the relativistic particle. We
search for a solution of ψ(x) in the form of linear com-
bination of eigenfunctions of a nonrelativistic har-
monic oscillator:

ψ(x) =
∑

k

ckϕk(x), (A1)

ϕn(x) =
1

π1/4

1√
2nn!

exp

(

−x2

2

)

Hn (x) .

For a numerical solution, we limit ourselves to a finite
number of S ≈ 30 functions ϕk.

The operator H is approximated by a finite matrix
with elements:

Hnm =

∫

dxϕn

(
F−1T (p)F + V (x)

)
ϕm,
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Fig. 4. Calculations were performed at the values of the parameter: α = 0.125. The red dots correspond to the neural network
approach, the blue dots correspond to the Metropolis algorithm. Figures present the value of (a) mean square coordinates 〈x2〉,
(b) mean potential energy 〈V (x)〉, and (c) and mean kinetic energy 〈T (p)〉 on each sweep. The expectation values are plotted
along the vertical axis, and the number of sweeps Ns on a logarithmic scale is plotted horizontally. The figure with label (d)
represents the two-point Green function calculated using the generated trajectories before (blue) and after (red) application of
the Metropolis algorithm to them. The figure with label (e) compares the wave functions obtained by averaging over trajectories
(blue) and the numerical solutions of the Shrödinger equation (red).
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where the operator F represents the Fourier trans-
form:

Fϕ ≡ 1√
2π

+∞∫

−∞

ϕ(x)eipx.

The expansion coefficients in (A1) are the eigen-
vectors of the matrix H

Hc = Ec, c ≡ ||c1, ..., cn||T .
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