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Abstract—The paper examines the modeling of pulse propagation in a nonlinear medium using two partial
differential equations, namely the second-order Schrodinger equation and the fourth-order generalized
nonlinear Schrddinger equation (GNSE). The applicability of physics-informed neural networks (PINN)
methods for solving the GNSE is demonstrated for analyzing physical effects involving solitons, using the
example of soliton interaction with an isolated wave. A study of the efficiency of balancing methods for the
GNSE is conducted on a boundary value problem with zero boundary conditions, as well as an assessment
of the accuracy of the PINN method with segmentation by comparing it to the exact solution for single
solitons of the second and fourth-order GNSE. The use of conservation laws as a means of verifying the
validity of the solution is experimentally justified, in the absence of the possibility of comparing it to an exact
solution, thereby suggesting their use as an additional validation metric for the obtained solutions.
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1. INTRODUCTION

One of the current significant tasks in the study
of mathematical models is the investigation of optical
soliton propagation in a nonlinear medium. The im-
portance of this task is related to the fact that optical
solitons are a crucial component in information en-
coding for long-distance transmission. To describe
pulse propagation in optical media, several mathe-
matical models have been proposed and intensively
studied in recent years. The primary equation used
to describe optical solitons in a nonlinear medium is
the nonlinear Schrodinger equation, which takes the
form

i qt + qux + |q*q = 0. (1)

The equation (1) is the simplest nonlinear equation
used to describe optical solitons, accounting for the
dispersion of the solitary wave and the Kerr nonlin-
earity of the medium’s refractive index. The equation
(1) belongs to the class of integrable equations, and
its Cauchy problem can be solved using the inverse

"E-mail: sag111@mail.ru

scattering transform method. This equation pos-
sesses a number of interesting and important proper-
ties characteristic of integrable equations: Lax pairs,
Béacklund transformations, an infinite number of con-
servation laws, multisoliton solutions, and some other
properties. However, the propagation of pulses in
a nonlinear medium is generally described by more
complex nonlinear equations than Eq. (1), which
take into account more complex dispersion laws and a
more intricate refractive index coefficient. Consider-
ing these additional factors leads to more complicated
nonlinear differential equations, which significantly
complicate the study of pulse propagation processes
in optical media and necessitate the development of
new analytical and numerical methods for investigat-
ing the propagation of optical pulses in a nonlinear

medium.
In recent years, the physics informed neural net-

works (PINN) method has gained popularity for mod-
eling processes described by nonlinear partial differ-
ential equations, initially proposed in the work by [1].
This approach is attractive for several reasons:

* Neural networks are universal function ap-
proximators [2], making them suitable tools for
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solving boundary value problems of nonlinear
differential equations.

+ In most machine learning methods, the more
data available, the better the results. The cre-
ators of PINN leveraged the specificity of the
subject area, namely the inexhaustible num-
ber of points from the domain defined by the
boundary value problems.

+ The method is highly flexible.  Additional
knowledge about the solution can potentially
be incorporated into the loss function, and
the architecture/activation functions can be
tailored to the problem.

+ The method is mesh-free and does not require
interpolation.

* Neural networks can be trained in paral-
lel, which significantly reduces computation
time [3].

However, further application of the method has
shown that for solving problems described by the
Poisson, Schrédinger (1), and Allen—Cahn equa-
tions, the classic PINN approach still falls short of
the finite element method in terms of speed (including
training time) and accuracy [4].

[t appears that this circumstance has led to the
proposal of numerous modifications to the original
PINN concept following its inception by [1]. Re-
search is being conducted on the influence of ac-
tivation functions and point generation methods on
convergence. Loss functions considering the princi-
ple of causality (BC-PINN [5], CausalPINN [6]), as
well as alternative architectures allowing for greater
accuracy in less time (SPINN [7], Spline-PINN [8]),
have been developed. For instance, in the article
on SPINN, the authors proposed obtaining solutions
as a weighted sum of kernel functions with speci-
fied centers. For solving the problem described by
the Allen—Cahn equation, the method demonstrated
comparable accuracy to the PySPH framework for
fluid dynamics simulation, with similar computation
times.

There is a promising approach in which the
boundary value problem is considered a special case
of the problem of finding operators that map one
function to another (e.g., the initial condition wg(z)
to the solution of the equation u(x, t)). This approach
was proposed in the article DeepONet [9].

In the articles [10—12], including the original
PINN paper [1, 13], it is shown that the stan-
dard PINN without modifications yields good re-
sults for boundary value problems of the nonlinear
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Schrédinger equation (NLS) and the Korteweg—
de Vries (KdV) equation. Since the goal of this
work is to solve boundary value problems described
by generalized NLS, we primarily use this closest
approach to solve our problems.

The density of points affects the convergence of the
PINN method [1]. The study of soliton solutions is
complicated by the fact that the pulse shiits, and to
model a large area over time, it is necessary to capture
a large spatial region. Thus, the density of points
decreases quadratically. To compensate for this effect,
we use segmentation, similar to FBPINN [14].

In [15], various balancing methods are also dis-
cussed using the example of solving problems de-
scribed by the Poisson, NLS, and Allen—Cahn equa-
tions. In Section 3 of the article, we investigate
the effectiveness of this approach for boundary value
problems of generalized NLS.

For functional optimization in this work, we use
the Adam and LBFGS algorithms, similar to the
original work [1].

In the works [16, 17], the integral property of
conservation laws is used, and in [18, 19], the laws
themselves are used (since the equation in conser-
vative form improves convergence). For some equa-
tions, considering them in the loss function leads to
increased accuracy. However, in our case, there was
no definite effect [20]. For small models or a small
number of points from the domain, using the integral
property of conservation laws can reduce error. In this
work, conservation laws are used only as a means of
controlling the correctness of the solution.

In this article, we compare for the first time the
effectiveness of applying the PINN method with its
segmented modification, inspired by the methods pro-
posed in the FBPINN [14] and BC-PINN [5] arti-
cles for nonintegrable generalized Schrodinger equa-
tions [21].

In this work, to model the propagation of pulses in
a nonlinear medium, two partial differential equations
are used, namely, a second-order equation [22]:

igr + que + lalq (1= alg* + B = 1g|*) =0, (2)
which has a solution in the form of a bright soliton:
q2(z, 1)
pue(@—2kt—20)\/i
- J (%e(x—th—:co)\/ﬁ + 1)2 _ %GQ(I—M—IO)W
x gilk—wt+00)
,u:4(k2—w). (3)

And the generalized nonlinear fourth-order Schro-
dinger equation [23]:
1qt + 101Gz + A2qze + 103Gzaz + 04qzaze

= q (bi]g|* + ba|g|* + b3]q|® + balq|®),

(4)
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having an analytical solution under the following pa-
rameter restrictions:

az = —4ka4,
by — 105&4
1T
be — 120pay
3 — A3 9

1
by = ((18%* + 244 + 78v) ay + 3as) ,

1
b= ((12uk” + 20pw + 60x) ayg + 2uaz) |
where A, k, u, v, ag, ag—arbitrary, y = 0.
Bright soliton solution is as follows:
q4($7 t)
mei(kz—tw—eo)
\/—,u + /p? — 4v cosh (2/v (z — vt — x9))

v =8k3ay + 2kas + ai,

w = (3k:4

+ (k* = v) as + kay. (5)

— 6vk® — 12y — 1/2) aq,

Equations (2) and (4) share the common property
as shown in [21]: every periodic or decaying solution
of these equations must satisfy conservation laws:

o0 oo

L = / PR / (u? +v?) dz = const,

—0o0 —00

oo

I, = / (¢"qz — q3q) dx

= / (uv, — vuy)dx = const.

—00

Apparently, using conservation laws as additional
terms in the loss function does not lead to increased
accuracy [20]. However, they can serve as a means of
verifying the validity of the solution when there is no
possibility of comparing it with an exact solution.

That property would be utilised as an additional
prediction validity metric in Section 3:

igr + quo + 1a”q (1 — alg)* + Blgl*) =
x €z, zR|,t €[0,tmax]
q(z,0) = qo(x),
q(zr,t) = q(xr,1),
¢z(zL,t) = qz(7R,1). (BVP2)

In Section 2, our implementation of the PINN
method is described. Subsection 3.1 demonstrates
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the effectiveness of segmentation. Subsection 3.2
evaluates the effectiveness of loss balancing strate-
gies. Subsection 3.4 investigates the interaction of
single-soliton solutions described by Eqgs. (2) or (4)
with solitary waves in the form of Gaussian functions,
and the interaction of two analytical bright soliton
solutions for the model described by Eq. (2).

In this work, machine learning and neural network
modeling methods are applied to solve two boundary
value problems.

In different experiments, various coefficients of the
equation, domains (such as g, xr, and tyay, ), and
different initial conditions go(x) are used:

iQt + Z'alqu’c + a2Qzx + ia3%ﬁzz

4
+ 4qzaar — Z qu|Q|2j =0,
j=1
X E [xLJxR] 7t e [07tlTlaX] Y
q(z,0) = qo(z),
Q($L, t) = q($R7 t)7
4:(2L,t) = qu(xR, t),
Qmm($L7 t) = Qmm($R7 t)a

waw($L7 t) = QImm($R7 t)'
In Subsection 3.3, the applicability of the PINN
method to the considered second-order and fourth-
order equations is demonstrated for the case of a

single-soliton initial condition. The error with respect
to the exact solution is provided.

(BVP4)

In Subsection 3.4, the robustness of solutions (3)
and (5) is examined when they encounter obstacles in
the form of Gaussian functions and for the stationary
case (k = 0) of solution (3).

2. PINN METHOD

The PINN method involves finding the weights
of a fully connected neural network that takes the
independent variables z and ¢ as inputs and returns
approximate values of the dependent variables (v and
v). The error is minimized when these approxima-
tions are substituted into the corresponding boundary
value problems BVP2 or BVP4:

j(x,t) = a(x,t) +i0(z,t).
MSE;. = ||4(z,0) — q(z,0)]|.
MSEy. = ||§(zr,t) — 4(zg, t)|]

+1Gz(xr,t) — Go(zRr, 1),
MSEe, = ||Eq§(z, )],
Loss = MSE;. + MSEy. + MSE,,,
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where 4(x,t) and v(z,t) are the neural network out-
puts.

Eqq(z,t)] = 0—nonlinear differential operator
from Eq. (2) or (4), all derivatives are calculated
using tensorflow automatic differentiation.  Here,
|- 1] = MSE(-).

The algorithm of this method is schematically rep-
resented in Fig. 1.

As a result of the modification used in this work,
the time domain is divided into segments, with a
separate PINN being trained sequentially for each
segment. The initial condition for the next segment
is provided by the model trained on the previous seg-
ment.

When moving to the next segment, the weights
are carried over from the previous segment and fine-

MSE, = lli(z.t) - a(x,

S669

tuned sequentially using Adam and LBFGS. De-
pending on the complexity of the problem, slightly
different sets of hyperparameters were used in the

models. The main differences included the number
of segments, the number of neurons in each layer,

the number of training iterations, and so on. Default
parameters: number of segments is 50, 50k iterations
of Adam + LBFGS for each segment, number of
points from the previous segment is 20k, 32 neurons,
4 layers and sin activation function.

To evaluate the described algorithm, it is tested
on a problem with a known exact solution. As initial

conditions, slices of solutions (3) and (5) are used.

The following error metrics were utilized:

Rel — \/ZTL 1 Hq x”’ n)|

z 1 |q(332,

)

B,
|a(n, tn)[?
i)l?

Res = |Eq[q(z,t)] |,

I =N (4 Az, t)? + 9(jAz, t)?
Lwl(t) _ 1 2]—0( (] . ) (.7 ) ) % 100’
1
I — SN (4 A, t)0,(j Az, t) — 0(jAx, t)t, (AT, t
Lu2(t) = 2 > iso(a(jAz, t)o,(j : ) — 0(jAz, )iy (jAz, t)) 100,
2
TR — TJ,
A N, = 1000.
x N, 000

3. COMPUTATIONAL EXPERIMENTS

3.1. Justification for Choosing the PINN Method
with Segmentation

To assess the effectiveness of segmentation, an ex-
periment was conducted on the boundary value prob-
lem BVP2 with a small domain of definition (x| =
—50, g = 50, tmax = 10). Two models without seg-
mentation (32 and 64 neurons) are compared with
a model using 5 segments (32 neurons). The ini-
tial condition chosen is qo(z) = ¢2(2,0), k=1, w =
0.88, zg = —30, # = 0, oy = 0.3. The parameters of
the equation are « = 0.3 and S =0. Thus, in this
case, the initial condition is a slice of the exact so-
lution.

The results in Table 1 show that the algorithm
with segmentation yields the lowest error for the first
law while maintaining comparable values for the other
metrics and similar computation time.
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3.2. Investigation of Balancing Methods

To determine the effectiveness of dynamic coef-
ficient balancing methods, an experiment was con-
ducted for the boundary value problem BVP2 with the
following boundary conditions:

q(xI_J t) = 07
q(zg,t) = 0.

Dynamic coefficient balancing is one of the meth-
ods used to enhance the training process of neural
networks. The idea is to ensure that the neural net-
work learns to satisfy all imposed conditions equally
well. To achieve this, coefficients are added to the
terms of the loss function, resulting in the following
form:

loss = Z)‘i x loss;,
Z)\Z ~ 1,
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Fig. 1. Original PINN method.
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Fig. 2. M SE, iteration dynamic.

Table 1. Comparison of runs with and without segmentation. Time is given in minutes, Lw1 and Lw2 are percentages,
Res denotes absolute residual values, and Rel, represents the relative error compared to the analytical solution

n segm n neur Res (mean) Lwl (mean) Lw?2 (mean) Rely, Time, min
| 64 0.00008 1.7e-02 1.8e-02 8.3e-04 52.5
5 32 0.00011 9.1e-03 1.5e-02 9.2e-04 57.6
| 32 0.00017 6.3e-02 7.5e-02 1.7e-03 34.3

where loss; € {MSE;c, MSEp., MSEc}.

There are different methods for calculating the val-
ues of these coefficients. In this work, the SoftAdapt
and ReLoBRal.o methods proposed in [24] and [15],
as well as some variations of these methods, were
used. The results are presented in Fig. 2.

The blue curve corresponds to the absence of dy-
namic weight balancing. The comparison of curves
shows that significant improvements can be achieved

only by using the ReLoBRal.o method. Although
the SoftAdapt method adjusts coefficients to be more
suitable than random ones, the training proceeds
more slowly compared to using constant coefficients.
RelL.oBRal.o demonstrates an advantage only with
a large number of iterations (>200000). In further
experiments, we divided the initial domain into seg-
ments, with the number of iterations per segment be-
ing much smaller, around 50 000. Under these con-
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Fig. 3. Problem BVP2, single soliton. Predicted |¢|—3D visualization with a heatmap (top) showing the magnitude of the
function, with various errors detailed by time slices ¢ shown on the right.
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Fig. 4. Task BV P4, single soliton.

ditions, ReLLoBRal.o would not provide a noticeable
advantage and would only consume computational
resources, making the use of dynamic balancing in
subsequent experiments appear impractical.

3.3. Accuracy Assessment of the PINN Method
with Segmentation by Comparison with the Exact
Solution for Single Solitons of the 2nd and 4th Order
NLS

When an exact solution is known, it is possible to
evaluate how the error relative to the exact solution is
associated with the error in the conservation laws for

MOSCOW UNIVERSITY PHYSICS BULLETIN  Vol. 79

the chosen method. In this experiment, the boundary
value problem BVP2 is considered with parameters
as described in Subsection 3.1, but with increased
domain boundaries z; = —100, zg = 100, tyax = 50
to study the behavior of errors. A similar run is con-
ducted for the fourth-order equation: The boundary
value problem BV P4 is considered with a1 = 1, as =
2, ag = 0.5 and domain boundaries z; = —80, zp =
150, tmax = 50 and initial condition go(z) = g4(z,0),
A=1,k=0.5,u=—-2,v=0.088.

The obtained solutions and error behavior for the
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Fig. 5. BVP2, soliton-Gaussian interaction.
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Fig. 6. Problem BVP2 soliton—soliton interaction.

equation, conservation laws, and the exact solution
are presented in Figs. 3 and 4.

The obtained calculations show that when apply-
ing this method to boundary value problems with a
single soliton initial condition, the error relative to
the exact solution strongly correlates with the error
in the conservation laws. It can be assumed that
this correlation will persist, and hence, errors in the
conservation laws may be used as error metrics in
cases where the exact solutions are unknown.

In the case of an unknown solution (as in the
experiments below), it is not possible to calculate the

relative error Rely,, and thus residuals and errors in
the conservation laws Res, Lwl, and Lw2 become
the only means for assessing the correctness of the
results.

3.4. Investigation of Soliton Stability
under Perturbation

3.4.1. Interaction of a soliton with a per-
turbation in the form of a Gaussian function
for the 2nd order NLS equation. To study the
interaction of a soliton, described by the 2nd-order
equation model, with a solitary wave in the form of a

MOSCOW UNIVERSITY PHYSICS BULLETIN Vol.79 Suppl. 2 2024
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Fig. 7. BVP4 soliton with a Gaussian perturbation.
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Fig. 8. Problem BVP4, soliton and Gaussian function, heatmap of the magnitude of the function |§|, with darker regions

indicating higher values.

Gaussian function, the solution to the boundary value
problem BVPZ2 is presented with a = 0.3, 5 = 0, over
the domain xp, = —100, zg = 100, tmax = 50 and the
initial condition:
_ (z—Bg)?
qo(z) = q2(x,0) + Age 9|

where A; =02, By =0, Cy =5, a9 =0.3, k=1,
w = 0.88, and zg = —30.

The obtained result (Fig. 5) indicates that the

MOSCOW UNIVERSITY PHYSICS BULLETIN  Vol. 79

soliton interacts minimally with the solitary wave in
the form of a Gaussian function.

3.4.2. Interaction of a soliton with a stationary
soliton solution (k£ = 0) for the 2nd order NLS
equation. To investigate the interaction of solitary
solitons described by the model, the boundary value
problem BVP2 is considered with a =0.3, 8 =0,
over the domain x; = —100, xg = 100, tmax = 50 and
the initial condition in the form of a sum of sufficiently
distant solitons, each of which is a solution:
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Fig. 9. Problem BVP2, maximum value of the function modulus over time for 3 runs: single soliton, soliton—Gaussian

Interaction, soliton—soliton Interaction.

2
¥2s0l20rd (517) = Z

ei(kj$+0j)’

where k1 = 1, ko = 0, 1 = —30, 22 = 30.

The obtained result (Fig. 6) shows that for this
model (described by the 2nd-order equation), solitary
solitons remain solitary even after interaction, and the
interaction does not affect their long-term behavior.

3.4.3. Interaction of a soliton with a pertur-
bation in the form of a Gaussian function for
the 4th order NLS equation. To study the inter-
action of a soliton described by the 4th-order equa-
tion with a solitary wave in the form of a Gaussian
function, the solution to the boundary value prob-
lem BVP4 is presented with a1 =1, as =1, a4 =
0.5, k=05, A=1, u=2 over the domain x| =
—100, xg = 100, tmax = 50, and the initial condi-

(z—Bg)?
tion: ¢(z,0) = qu(z,0) + Age 9
0.2,B, =0,and Cy = 5.

From Fig. 7, it is evident that the fourth-order
soliton, with the given parameters, elastically inter-
acts with the perturbation in the form of a Gaussian
function. This is clearly visible in Fig. 8.

For the fourth-order equation (4), the numerical
experiment demonstrated elastic interaction of a sin-
gle bright soliton solution with a perturbation in the
form of a Gaussian function.

, where A, =

4. RESULT

The paper demonstrates the applicability of the
PINN method for solving boundary value problems
of modified Schrodinger equations of the second and

(%e(w—rnm n 1)2 ot 2aay)

fourth order. Approximate solutions were obtained
for cases involving interactions between soliton-like
solutions with another soliton or a Gaussian function.
The results indicate the stability of the found soliton
solution for the second-order equation (2), at least
for the chosen parameters of the equation and initial
conditions.

An illustration of this is shown in Fig. 9, which
presents curves of the maximum values of the solution
magnitudes over time, demonstrating the stability
of the second-order soliton solutions during interac-
tions with another soliton or a solitary perturbation in
the form of a Gaussian function.
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