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Abstract—The solution of boundary value problems described by partial differential equations on physics-
informed neural networks is considered. Radial basis function networks are proposed as physics-informed
neural networks. Such are easier to train compared to the fully connected networks usually used as physics-
informed neural networks. An algorithm for solving the system of partial differential equations for the
hydrodynamics problem is developed. On the example of the model problem of Kovasznay flow, programs for
solving two-dimensional stationary Navier–Stokes equations using physics-informed radial basis function
networks trained by the Nesterov method are developed.
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1. INTRODUCTION

Modeling of objects with distributed parameters is
reduced to solving boundary value problems for par-
tial differential equations. Most problems of mathe-
matical physics cannot be solved analytically. The so-
lution by standard numerical methods, such as finite
difference, finite element and finite volume methods,
requires the construction of a mesh and the solution
of systems of mesh equations of high dimensionality.
Mesh construction is often quite difficult, especially
for domains of complex configuration. The mesh
equations are high dimensional and poorly condi-
tioned, which is computationally expensive to solve.
Meshless methods are less widespread, for exam-
ple, the smoothed particle method is used in solving
hydrodynamics problems, projection methods using
radial basis functions are used in solving boundary
value problems. In meshless methods the choice
of kernel functions is not formalized, the smoothed
particle method uses discrete models rather than tra-
ditional partial derivative equations.

Boundary value problems for partial differential
equations can be successfully solved on neural net-
works [1, 2]. The theoretical basis for solving par-
tial differential equations on neural networks is two
provisions. First, neural networks are universal func-
tion approximators, which is based on the universal
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approximation theorem (D. Cybenko’s theorem) and
its development [3–5]. Second, when solving par-
tial differential equations, the variational approach is
used—the solution of the problem is found as a result
of minimizing the loss function of the neural network,
using the inconsistencies of the approximate solution
formed by the network in some set of trial points
inside, on the boundary of the solution domain and,
possibly, in the points of additional conditions. The
trial points are usually randomly placed (although it
is possible to use a grid). Therefore, the solution on
neural networks is a meshless approximate analytical
solution of partial differential equations, since the
solution to the problem is a function (which is analyt-
ically almost impossible to represent due to complex-
ity) determined by the architecture and parameters of
the neural network.

With the development of machine learning and
neural networks, interest in the use of neural net-
work technologies for solving boundary value prob-
lems has increased. This has been facilitated by
the widespread use of freely available machine learn-
ing libraries that implement automatic (algorithmic)
differentiation and deep neural network training al-
gorithms. The neural network approach seems to
be particularly effective in comparison with tradi-
tional methods for multivariate and/or nonlinear par-
tial derivative equations and inverse boundary value
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problems, when it is necessary to determine the pa-
rameters of the mathematical model based on the
experimental results. A new scientific direction has
been formed-physics-informed neural networks [6–
8]. Physics-informed neural networks incorporate a
mathematical model of a physical phenomenon, for
example, in the form of partial derivative equations
into the network structure and do not require ex-
amples with known values for training when solving
direct problems. They solve the problem of low data
availability in many scientific and engineering prob-
lems where traditional machine learning methods are
ineffective. Additional conditions, such as experi-
mental information about the solution, can also be
used. In such networks, the mathematical model is
a regulating factor that improves the quality of the
solution.

Integrating physical law verification into the archi-
tecture and training process of neural networks al-
lows physics-informed neural networks to solve com-
plex physical problems using both data and underly-
ing physical principles. Physics-informed neural net-
works approximate the solution of a boundary value
problem by minimizing the residual of the equation
at collocation points within and at the boundary of
the solution domain. Estimation of the norm of this
residual gives a more explicit estimate of the accu-
racy of the solution of the problem than estimates
of the accuracy of the solution of mesh methods, for
which only the order of accuracy of the approxima-
tion and the residual of the solution of the system of
mesh equations are known. This feature of physics-
informed neural networks, as well as the incorpo-
ration of mathematical models into the architecture
of physics-informed neural networks, facilitates the
interpretability of solution results. When solving for-
ward problems, training data are usually not used, so
physics-informed neural networks are not retrained in
such situations. But when solving inverse problems,
retraining is possible. Physics-informed neural net-
works are meshless and after training allow to find a
solution in arbitrary points of the domain.

Physics-informed neural networks can be con-
structed using neural networks of different archi-
tectures. Most commonly used are fully connected
neural networks implemented using freely available
libraries, such as TensorFlow and PyTorch, which
implement automatic differentiation. Networks of this
architecture face the challenges of efficiently integrat-
ing physical laws, ensuring that the network archi-
tecture is capable of capturing the necessary physical
details, and training difficulties due to the use of opti-
mizers not designed to train physics-informed neural
networks. A physics-informed neural network needs
to be trained for each task, which requires a large
amount of computational power and training time.

In addition, the existing optimizers in the libraries
are focused on solving pattern recognition problems
rather than on solving computational problems.

The use of radial basis function networks as
physics-informed neural network is promising [2, 9–
11]. Radial basis function networks are simpler than
fully connected ones, they contain only two layers: the
first layer is a layer of radial basis functions [12] and
a linear layer. Such networks are easier to train. For
such networks, gradient learning algorithms of the
second order have been developed [10, 13], in which
not only the weights of the network are adjusted,
but also the parameters of the radial basis functions.
The authors demonstrated the effectiveness of solv-
ing direct [14, 15] and inverse [16, 18] boundary
value problems on radial basis function networks for
piecewise homogeneous media. Radial basis function
networks designed to solve partial differential equa-
tions are becoming popular. A new type of physically
informed neural networks is being formed—physics-
informed radial basis function networks [17–20].

The interest in the study of physics-informed ra-
dial basis function networks is also due to the fact
that radial basis function networks are a type [21] of
a new type of neural networks—Kolmogorov–Arnold
neural networks [22], promising as physics-informed
neural networks [23].

An important class of partial differential equations
is the Navier–Stokes equations, which are the most
important ones in hydrodynamics and are used in
modeling many natural phenomena and technical
problems. There are known works devoted to the
solution of the Navier–Stokes equations on fully
connected physics-informed neural networks [24–
28]. Intel Labs, a research division of Intel, has
integrated the computational fluid dynamics fully
connected physics-informed neural network into the
OpenFOAM framework for solving computational
hydrodynamics problems [29]. Such integration
has shown high efficiency in solving hydrodynamics
problems, especially ill-conditioned inverse problems.

The purpose of this paper is to develop and ex-
perimentally investigate an algorithm for solving the
system of Navier–Stokes differential equations on
physics-informed radial basis function networks. The
study is carried out on the example of a model prob-
lem for the Kovasznay flow, which has an analytical
solution.

2. SOLVING A SYSTEM OF DIFFERENTIAL
EQUATIONS FOR THE KOVASZNAY FLOW

The output of the radial basis function network is
described by the expression

v(x) =

nRBF∑

k=1

ωkϕk(x),
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where nRBF is the number of radial basis functions
(or number of neurons), ωk is the weight of the kth
neuron, and ϕk(x) is the value of the kth radial basis
function at point x.

The boundary value problem in operator form has
the form

Lu(x) = f(x), x ∈ Ω,

Bu(x) = p(x), x ∈ ∂Ω,

where u is the desired solution, L is the differential
operator, operator B sets the boundary conditions, Ω
is the solution area, ∂Ω is the regional boundary, and
f and p are the known functions.

Let us consider the Kovasznay model flow [30].
The Kovasznay flow is a two-dimensional station-
ary flow. Two-dimensional stationary Navier–Stokes
equations for an incompressible medium have the
form:

∂u

∂x
+

∂v

∂y
= 0, (x, y) ∈ Ω,

u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

Re

(
∂2u

∂x2
+

∂2u

∂y2

)
,

(x, y) ∈ Ω,

u
∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+

1

Re

(
∂2v

∂x2
+

∂2v

∂y2

)
,

(x, y) ∈ Ω,

where Ω is the calculated area, u is the first velocity
component, v is the second velocity component, and
p is the pressure. Dirichlet conditions are set at the
boundary of the region.

The Kovasznay flow is the movement of the flow
through the lattice. It does not have an initial condi-
tion. Due to the well-known analytical solution, this
model is convenient for testing the effectiveness of
numerical methods for solving differential equations.

The analytical solution has the form [30]

u(x, y) = −e(−λx) cos(2πy),

v(x, y) = − λ

2π
e(−λx) sin(2πy),

p(x, y) = −1

2
e(−2λx),

where parameter λ is defined by the following expres-
sion

λ =

√
Re2

4
+ 4π2 − Re

2
,

where Re is the Reynolds number.
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Fig. 1. Analytical solution for the first velocity compo-
nent.
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Fig. 2. Analytical solution for the second velocity compo-
nent.

If the liquid is incompressible [31], then

ρ = const,

where ρ is the density of the liquid.
If the movement is stationary, then

∂V

∂t
= 0.

For this model problem, the solution area is a
square with dimensions x ∈ [0; 1], y ∈ [0; 1].

The solution algorithm is based on the results pre-
sented in article [20]. The components of the gradient
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Fig. 3. Analytical solution for pressure.

of the functional in terms of weights were obtained
using automatic differentiation implemented in the
freely available TensorFlow library of the Python lan-
guage. Three physics-informed radial basis function
networks were applied to the solution. Each network
approximates one of the three variables included in
the system of Navier–Stokes differential equations.
The networks are connected by a common mean-
squared error functional. The functional is the sum
of the squares of the residuals. The 1

2 multiplier is
introduced to simplify the expression for the gradient
of the functional. The condition for the end of the
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Fig. 4. The first component of speed resulting from net-
work operation.

training process of the networks was a small value of
the common mean-square error functional. The error
functional has the form

1

2

N∑

i=1

(
ui
∂ui
∂x

+ vi
∂ui
∂y

+
∂pi
∂x

− 1

Re

(
∂2ui
∂x2

+
∂2ui
∂y2

))2

+
1

2

N∑
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(
ui

∂vi
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+ vi
∂vi
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+
∂pi
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− 1

Re

(
∂2vi
∂x2

+
∂2vi
∂y2

))2

+
1

2

N∑
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(
∂ui
∂x

+
∂vi
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+
λ

2

K∑

j=1

(uj − uAj )
2

+
λ

2

K∑

j=1

(vj − vAj )
2 +

λ

2

K∑

j=1

(pj − pAj )
2,

where Re is the Reynolds number, N is the number of
internal test points, K is the number of boundary test
points, λ is the penalty factor, and uAj , vAj , pAj is the
analytical value of the jth test point at the boundary
of the region.

The centers of the radial basis functions of each
network were located on a uniform grid. The weight
and width vectors were initialized with zero values.
Experiments were conducted for each network to se-
lect the optimal number of neurons and trial points.
The number of neurons for each physics-informed
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Fig. 5. The second component of speed obtained as a
result of network operation.
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Fig. 6. Pressure obtained as a result of network opera-
tion.

radial basis function networks is 64. The number
of interior trial points for each network is 100. The
number of boundary trial points for each network
is 40. The coordinates of collocation points were
generated as random numbers that were uniformly
distributed in the solution domain. Only the weights
were customizable. The value of the error functional
equal to 10−2 is achieved in 15 iterations on average.

Network training consists in minimizing the error
functionality. Batch training is used, since in each
iteration of training, the total error for all trial points is
minimized. The Nesterov method is used for training.
The Nesterov method [32–35] uses the idea of the
momentum accumulation method. Additionally, the
history of parameter changes is used. The correction
to the parameter vector in the Nesterov method is
described as follows

�Θ(k+1) = α�Θ(k) − γgradI(Θ(k) − α�Θ(k)),

where Θ is the vector of one of the network parameters
(we can consider the vector of all parameters), γ is the
selected numerical coefficient (learning rate), and α
is the moment coefficient, which takes values in the
interval [−0.5; 1.5].

Plots of analytical solutions for velocity and pres-
sure components are presented in Figs. 1–3. The
graphs obtained as a result of the network operation
are shown in Figs. 4–6. They have a visual sim-
ilarity to the analytical solution. The MSE values
were obtained in about 30 iterations compared to the
analytical solution. The MSE for the first component
of the velocity is on average 10−6. The MSE for
the second component of the velocity is on average

10−6. The MSE for pressure averages 10−4. This is a
testament to the effectiveness of the program.

This problem was solved on a fully connected net-
work [27]. Physics-informed radial basis function
networks are as accurate as fully connected networks,
but they are easier and faster to train.

3. CONCLUSIONS

Based on the approach proposed by the authors in
the article [20], an algorithm for solving a system of
differential equations for the problem of hydrodynam-
ics was developed using the example of the Kovasz-
nay flow model problem, a program for solving two-
dimensional stationary Navier–Stokes equations us-
ing physics-informed radial basis function networks
trained by the Nesterov method was developed. Our
method allows achieving accuracy satisfactory for en-
gineering applications in fewer iterations.

Further development of this work involves the
improvement of learning algorithms for physics-
informed radial basis function networks and the
solution of various differential equations and systems
of equations.
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