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Abstract—We develop loss functionals for training physics–informed neural networks using variational
principles for nonpotential operators. Generally, a quasiclassical variational functional is bounded from
above or below, contains derivatives of lower order compared to the order of derivatives in partial dif-
ferential equation and some boundary conditions are integrated into the functional, which results in
lower computational costs when evaluating the functional via Monte Carlo integration. Quasiclassical
loss functional of boundary value problem for hyperbolic equation is obtained using the symmetrizing
operator by V.M. Shalov. We demonstrate convergence of the neural network training and advantages
of quasiclassical loss functional over conventional residual loss functional of boundary value problems for
hyperbolic equation.
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1. INTRODUCTION

Physics-informed neural networks (PINNs) [1]
are an innovative approach to the investigation of par-
tial differential equations (PDEs). PINNs incorporate
the knowledge of governing PDEs and their boundary
conditions as well as any physical laws relevant to the
physical problem under consideration.

Basically, PDEs and boundary conditions are in-
jected into PINNs via the neural network loss (error)
functional [2], using the residual loss for the gov-
erning PDE and the residual losses for each of the
boundary (initial, terminal) conditions of the bound-
ary value problem (BVP).

Neural networks for the approximation of BVP so-
lutions may be trained with residual loss functionals
[1, 3] or energy loss functionals [4]. Some researchers
[5, 6] suggest, in the absence of classical (energy)
functionals, to use nonclassical functionals arising
from variational principles for nonpotential operators
[7] for neural network training.

We study if a variational functional from [7] can
be used as a loss functional for training PINN that
approximate the solution to a BVP for hyperbolic
PDE.

*E-mail: shorokhov-sg@rudn.ru

2. BOUNDARY VALUE PROBLEM
FOR HYPERBOLIC EQUATION

One of the most promising approaches to vari-
ational principles for nonpotential operators is the
method of symmetrizing operator by Shalov [8, 9].
This method implies that the BVP (PDE and bound-
ary conditions) under study is represented in the vec-
tor form

Au = f , (1)

where A is a vector operator in a Hilbert space, f is a
vector function, u is an unknown solution to the BVP.

If one finds a vector symmetrizing operator B such
that operator A is B-symmetric:

〈Au, Bv〉 = 〈Bu, Av〉 ∀u, v

(the notation 〈∗, ∗〉 stands for the scalar product) and
B-positive:

〈Au, Bu〉 > 0∀u �= 0,

〈Aun, Bun〉 −→
n→∞

0 ⇒ ‖un‖ −→
n→∞

0,

then the variational functional for the BVP (1) can be
obtained in the form [8, 9]

D [u] = 〈Au, Bu〉 − 2 〈f , Bu〉 . (2)
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Fig. 1. Boundary value problem domain Ω.

The method of symmetrizing operator was suc-
cessfully applied to BVPs for hyperbolic PDE [10, 11],
parabolic (heat) PDE [12, 13], hypoelliptic PDE [14]
and other PDEs [15, 16].

We study variational principle for a basic homoge-
neous hyperbolic equation

uξη = 0 (3)

in a rhombus-shaped domain Ω with vertices at the
points Γ0(0, 0), Γ1(π, π), Γ2(2π, 0), Γ3(π, −π) (see
Fig. 1). The boundary ∂Ω of domainΩ consists of four
segments γ1, γ2, γ3, γ4, where the segment γ1 con-
nects the points Γ0 and Γ1, the segment γ2 connects
the points Γ1 and Γ2, the segment γ3 connects the
points Γ2 and Γ3, the segment γ4 connects the points
Γ3 and Γ0.

Boundary conditions for PDE (3) are given in the
form

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u |γ1 = χ1 (ξ) ,

uη |γ2 = ϕ2 (η) ,

uη |γ3 = ϕ3 (η) ,

uξ |γ3 = ψ3 (ξ) ,

uξ |γ4 = ψ4 (ξ) ,

(4)

where the functions on the right-hand side of (4)
are L2-functions and the boundary conditions (4)
are consistent. In (3), (4) and below, a greek letter
subscript denotes partial derivative with respect to the
corresponding variable.

The solution u of BVP (3)–(4) belongs to W 1
2 (Ω)

and (χ1, ϕ2, ϕ3, ψ3, ψ4) ∈ L2(γ1 × γ2 × γ3 × γ3 ×
γ4), where L2 is the space of square-integrable
functions, W 1

2 is the Sobolev space of all locally

square-integrable functions that admit (weak) first-
order derivative.

The components of the outer normal 
n to the
boundary ∂Ω on different sections of the boundary
γ1, γ2, γ3, γ4 are obviously calculated as follows:


n (γ1) =
1√
2
(−1, 1) ,


n (γ2) =
1√
2
(1, 1) ,


n (γ3) =
1√
2
(1, −1) ,


n (γ4) =
1√
2
(−1, −1) .

The vector differential operator A and the vector
function f in operator equation (1) are determined
from (3) and (4) as follows:

Au =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uξη

u

uη

uη

uξ

uξ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, f =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

χ1

ϕ2

ϕ3

ψ3

ψ4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The vector integro-differential operator B, acting
fromW 1

2 (Ω) to L2 (Ω× γ1 × γ2 × γ3 × γ3 × γ4), can
be defined by the equality [10]

B v =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γ1∪γ4∫

ξ

vη (ζ, η) dζ +
γ1∪γ2∫

η
vξ (ξ, τ) dτ

v

−n1 (γ2)
γ1∫

ξ

vη (ζ, η) dζ

−n1 (γ3)
γ4∫

ξ

vη (ζ, η) dζ

−n2 (γ3)
γ2∫

η
vξ (ξ, τ) dτ

−n2 (γ4)
γ1∫

η
vξ (ξ, τ) dτ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Vector functions Au, B v, and f are defined on
the Cartesian product of domains Ω× γ1 × γ2 × γ3 ×
γ3 × γ4.

The scalar product of vectors Au and Bv is calcu-
lated by multiplying the corresponding components,

MOSCOW UNIVERSITY PHYSICS BULLETIN Vol. 79 Suppl. 2 2024



S916 SHOROKHOV

calculating the integrals over the corresponding sets,
and summing the resulting values using the formula

〈Au, Bv〉 =
∫

Ω

(Au)1 (B v)1 dξdη

+

∫

γ1

(Au)2 (B v)2 ds +

∫

γ2

(Au)3 (B v)3 ds

+

∫

γ3

(Au)4 (B v)4 ds +

∫

γ3

(Au)5 (B v)5 ds

+

∫

γ4

(Au)6 (B v)6 ds.

Application of multiple integration by parts [17]
leads to the formula [10]

〈Au, Bv〉 =
∫

Ω

(uξvξ + uηvη) dξdη +

∫

γ1

u v ds,

that ensures B-symmetry and B-positivity of opera-
tor A.

Thus, the quasiclassical (bounded from below
[10]) variational functional (2) for BVP (3)–(4) is
equal to the following sum of integrals

D [u] =

∫

Ω

(
u2ξ + u2η

)
dξdη +

∫

γ1

u2 ds

− 2

∫

γ1

χ1u ds + 2

∫

γ2

ϕ2n1

γ1∫

ξ

uη (ζ, η) dζ ds

+ 2

∫

γ3

ϕ3n1 sin ξ

γ4∫

ξ

uη (ζ, η) dζ ds

+ 2

∫

γ3

ψ3n2

γ2∫

η

uξ (ξ, τ) dτ ds

+ 2

∫

γ4

ψ4n2

γ1∫

η

uξ (ξ, τ) dτ ds, (5)

where n1, n2 denote the components of the nor-
mal vector 
n on the sections γ1, γ2, γ3, γ4 of the
boundary ∂Ω.

Monte Carlo methods [18] provide a reliable and
efficient approach to estimation of integral losses in
deep learning, because Monte Carlo sampling allows
to approximate integrals at reduced cost and pre-
vents gradient descent convergence to a local mini-
mum. However, functional (5) is hard to evaluate with
Monte Carlo integration [18] when training a neural
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Fig. 2. Subdomains Ω1, Ω2, Ω3, and Ω4 of domain Ω.

network due to necessity of Monte Carlo sampling on
each level of each repeated (iterated) integral in (5).

The domain Ω is equal to the union of four subdo-
mains Ω1,Ω2,Ω3,Ω4 (see Fig. 2).

It can be proven that the repeated integrals in (5)
can be represented as integrals over subdomains of
the domain Ω:

∫

γ2

ϕ2 (η)n1

γ1∫

ξ

uη (ζ, η) dζ ds

= −
∫

Ω1∪Ω2

ϕ2 (η) uη (ξ, η) dξdη,

∫

γ3

ϕ3 (η)n1 sin ξ

γ4∫

ξ

uη (ζ, η) dζ ds

= −
∫

Ω3∪Ω4

ϕ3 (η) uη (ξ, η) dξdη,

∫

γ3

ψ3 (ξ)n2

γ2∫

η

uξ (ξ, τ) dτ ds

= −
∫

Ω2∪Ω3

ψ3 (ξ) uξ (ξ, η) dξdη,

∫

γ4

ψ4 (ξ)n2

γ1∫

η

uξ (ξ, τ) dτ ds

= −
∫

Ω1∪Ω4

ψ4 (ξ) uξ (ξ, η) dξdη.

MOSCOW UNIVERSITY PHYSICS BULLETIN Vol. 79 Suppl. 2 2024



IMPROVING PHYSICS-INFORMED NEURAL NETWORKS S917

We define auxiliary functions Φ (η) ,−π � η � π
and Ψ(ξ) , 0 � ξ � 2π as follows:

Φ (η) =

{
ϕ2 (η) , 0 � η � π,

ϕ3 (η) , −π � η < 0,

Ψ(ξ) =

{
ψ3 (ξ) , π � ξ � 2π,

ψ4 (ξ) , 0 � ξ < π.

Now, we can transform functional (5) to the fol-
lowing compact form.

The variational functional (5) for the BVP (3), (4)
can be represented as

D [u] =

∫

Ω

(
u2ξ + u2η − 2Φuη − 2Ψuξ

)
dξdη

+

∫

γ1

(
u2 − 2χ1u

)
ds. (6)

3. NEURAL NETWORK MODEL
OF BOUNDARY VALUE PROBLEM

The solution u (ξ, η) of hyperbolic PDE (3) can
be approximated by a deep neural network with the
output f (ξ, η; θ), where ξ, η are the input values of
the neural network, and θ is the vector of the neural
network parameters (weights and biases):

u (ξ, η) ≈ f (ξ, η; θ) .

We will build and train the neural network for the
BVP in the domain Ω (Fig. 1) with PDE (3) and
boundary conditions

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u |γ1 = 1
10π ξ,

uη |γ2 = −1
2 sin 2η + 1

10π ,

uη |γ3 = −1
2 sin 2η + 1

10π ,

uξ |γ3 = 1
2 sin 2ξ,

uξ |γ4 = 1
2 sin 2ξ.

(7)

The BVP (3), (7) admits an exact solution

u =
1

2
sin (ξ + η) sin (ξ − η) +

1

10π
η, (8)

which is displayed in Fig. 3.
Computational experiments are carried out for a

feedforward neural network (FF) with dense layers
with the following hyperparameters:

– the number of hidden layers is 4 with the activa-
tion function tanh (hyperbolic tangent),

– the number of neurons in the hidden layers is
100,

– one neuron without activation function is in the
output layer,
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Fig. 3. 3D surface of exact solution (8) to BVP (3), (7).
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Fig. 4. The learning curve of PINN training with residual
loss functional (10).

– 200 training epochs (stages) are performed with
10 stochastic gradient descent (SGD) steps for each
epoch (stage),

– the Adam optimizer [19] is used with an initial
learning rate of 0.0001,

– a batch contains 1000 samples from domain
Ω and 500 samples for each segment of the boun-
dary ∂Ω.

We use the residual functional and the constructed
quasiclassical functional (6) as loss functionals dur-
ing neural network training.

Computer experiments are performed on Apple
M2 Max chip with 12-core CPU and 38-core GPU.
The program code for building and training the neural
networks is implemented using TensorFlow frame-
work [20].

The performance of trained PINNs will be eval-
uated with a sample {(ξi, ηi)}ni=1 of n points from
Ω using mean squared error (MSE), mean absolute
error (MAE) and coefficient of determination (R2):

MSE =
1

n

n∑

i=1

(u (ξi, ηi)− f (ξi, ηi;θ))
2 ,
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MAE =
1

n

n∑

i=1

|u (ξi, ηi)− f (ξi, ηi;θ)| ,

R2 = 1−
∑n

i=1 (u (ξi, ηi)− f (ξi, ηi;θ))
2

∑n
i=1

(
u (ξi, ηi)− f̄

)2 , (9)

where f̄ = 1
n

∑n
i=1 f (ξi, ηi;θ).

4. TRAINING NEURAL NETWORK
WITH RESIDUAL LOSS FUNCTIONAL

The residual loss functional of PINN for BVP (3),
(4) is defined by the formula

LR (f) =

∫

Ω

f2
ξη dξdη +

∫

γ1

(f − χ1)
2 ds

+

∫

γ2

(fη − ϕ2)
2 ds +

∫

γ3

(fη − ϕ3)
2 ds

+

∫

γ3

(fξ − ψ3)
2 ds+

∫

γ4

(fξ − ψ4)
2 ds. (10)

The main steps of training PINN for BVP (3), (4)
with residual loss functional (10) and Monte Carlo
sampling are summarized in Algorithm 1.

When using the residual functional LR (f), one
has to evaluate six integrals in (10) and sample from
five domains Ω, γ1, γ2, γ3, γ4, and calculate partial
derivatives of the unknown function f up to the sec-
ond order (see Algorithm 1).

The learning curve of training PINN for BVP (3),
(7) with residual loss functional (10) is shown in
Fig. 4. It takes 125.7 s to complete 200 stages of
PINN training.

The heat map of the absolute error of the neural
network approximation

ea (ξ, η) = |u (ξ, η)− f (ξ, η;θ)| , (ξ, η) ∈ Ω

is displayed in Fig. 5.
The heat map of the relative error of the neural

network approximation

er (ξ, η) =

∣
∣
∣
∣1−

f (ξ, η;θ)

u (ξ, η)

∣
∣
∣
∣ , (ξ, η) ∈ Ω

is displayed in Fig. 6.
Performance metrics (9) of the obtained PINN

model of BVP (3), (7) are as follows:

MSE = 0.0261, MAE = 0.1074, R2 = 0.5785.

Absolute error of PINN approximation to BVP
(3), (7) with residual loss functional (10) is visualized
in Fig. 7.

From Fig. 7 it is evident that the quality of PINN
approximation deteriorates when ξ > π.

Algorithm 1. Training PINN for BVP (3), (4)
with residual loss functional (10)

Data: boundary functions χ1, ϕ2, ϕ3, ψ3, ψ4,
probability distributions ν0, ν1, ν2, ν3, ν4,
initial learning rate α0, absolute tolerance
ε > 0

Result: optimal PINN parameter set θ;
choose random initial parameter set θ0;
repeat/* stochastic gradient descent step */

Generate five random samples from the domain
Ω and the boundary segments γ1, γ2, γ3, γ4:
– a random sample {(ξi0 , ηi0 )}

n0

i0=1 of n0 points
from Ω with distribution ν0;
– a random sample {(ξi1 , ηi1 )}

n1

i1=1 of n1 points
from γ1 ⊂ ∂Ω with distribution ν1;
– a random sample {(ξi2 , ηi2 )}

n2

i2=1 of n2 points
from γ2 ⊂ ∂Ω with distribution ν2;
– a random sample {(ξi3 , ηi3)}

n3

i3=1 of n3 points
from γ3 ⊂ ∂Ω with distribution ν3;
– a random sample {(ξi4 , ηi4 )}

n4

i4=1 of n4 points
from γ4 ⊂ ∂Ω with distribution ν4.
Calculate the residual functional LR (f) for the
generated random samples combined into a mi-
nibatch sk = {{(ξi0 , ηi0)}n0

i0=1, {(ξi1 , ηi1)}
n1

i1=1,

{(ξi2 , ηi2)}n2

i2=1, {(ξi3 , ηi3)}
n3

i3=1, {(ξi4 , ηi4)}
n4

i4=1}:

LR (f, sk; θk) ←
1

n0

n0∑

i0=1

(fξη (ξi0 , ηi0 ; θk))
2

+
1

n1

n1∑

i1=1

(f (ξi1 , ηi1 ; θk)− χ1 (ξi1))
2

+
1

n2

n2∑

i2=1

(fη (ξi2 , ηi2 ; θk)− ϕ2 (ηi2))
2

+
1

n3

n3∑

i3=1

(
(fη (ξi3 , ηi3 ; θk)− ϕ3 (ηi3 ))

2

+ (fξ (ξi3 , ηi3 ; θk)− ψ3 (ξi3))
2
)

+
1

n4

n4∑

i4=1

(fξ (ξi4 , ηi4 ; θk)− ψ4 (ξi4))
2

Perform a number of gradient descent steps
with a minibatch (random points) sk using the
adaptive Adam algorithm (or other neural
network learning algorithm) with learning rate
αk (the learning rate αk is updated
automatically at each step):

θk+1 ← θk − αk∇θLR (f, sk; θk).

until ||θk+1 − θk|| < ε; absolute tolerance */
θ ← θk+1
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5. TRAINING NEURAL NETWORK
WITH QUASICLASSICAL LOSS

FUNCTIONAL

Quasiclassical functional (6) can be used to obtain
quasiclassical loss functional

LQ (f) =

∫

Ω

(
f2
ξ + f2

η − 2Φ fη − 2Ψ fξ
)
dξdη

+

∫

γ1

(
f2 − 2χ1f

)
ds (11)

to train PINN for BVP (3), (4).

The main steps of training PINN for BVP (3), (4)
with quasiclassical loss functional (11) and Monte
Carlo sampling are summarized in Algorithm 2.

When using the quasiclassical functional LQ (f),
one has to evaluate two integrals in (11), and, accord-
ingly, to sample from the domain Ω and from the seg-
ment γ1, and calculate first-order partial derivatives of
the unknown function f .

Therefore, generally, when using the quasiclassi-
cal loss functional (11), training of a neural network
requires less computational resources compared to
using the residual loss functional (10) due to the use
of fewer number of random samples and calculation of
partial derivatives of lower order.

The learning curve of training PINN for BVP (3),
(7) with quasiclassical loss functional (11) is demon-
strated in Fig. 8. It takes 42.7 s to complete 200
stages of PINN training, which is 3 times faster com-
pared to training with residual loss functional (10).

The heat map of the absolute error of the neural
network approximation ea (ξ, η) is shown in Fig. 9.

The heat map of the relative error of the neural
network approximation er (ξ, η) is shown in Fig. 10.

Performance metrics (9) of the obtained PINN
model of BVP (3), (7) are as follows:

MSE = 0.0001, MAE = 0.0061, R2 = 0.9984,

which is substantially better than performance met-
rics of PINN model, trained with residual loss func-
tional.

Absolute error of PINN approximation to BVP
(3), (7) with quasiclassical loss functional (11) is
visualized in Fig. 11.

From Fig. 11 it is evident that the quality of PINN
model, trained with quasiclassical loss functional
(11), is essentially higher than the quality of PINN
model, trained with residual loss functional (10),
and PINN approximation with loss functional (11)
deteriorates only in the corners of domain Ω.

Algorithm 2. Training PINN for BVP (3), (4)
with quasiclassical loss functional (11)

Data: boundary functions χ1, ϕ2, ϕ3, ψ3, ψ4,
probability distributions ν0 and ν1, initial
learning rate α0, absolute tolerance ε > 0;

Result: optimal PINN parameter set θ;
choose random initial parameter set θ0;
repeat /* stochastic gradient descent step */

Generate two random samples for the domain Ω

and the boundary ∂Ω, namely:
– generate a random sample {(ξi0 , ηi0)}

n0

i0=1 of
n0 points from Ω with distribution ν0;
– generate a random sample {(ξi1 , ηi1)}

n1

i1=1 of
n1 points from γ1 ⊂ ∂Ω with distribution ν1;
Calculate the functional LQ (f) for the
generated random samples combined into a
minibatch
sk =

{
{(ξi0 , ηi0 )}

n0

i0=1 , {(ξi1 , ηi1)}
n1

i1=1

}
:

LQ (f, sk; θk) ←
1

n0

n0∑

i0=1

(
f2
ξ (ξi0 , ηi0 ; θk)

+ f2
η (ξi0 , ηi0 ; θk)− 2Ψ (ξi0) fξ (ξi0 , ηi0 ; θk)

– 2Φ (ηi0 ) fη (ξi0 , ηi0 ; θk))

+
1

n1

n1∑

i1=1

(
f2 (ξi1 , ηi1 ; θk)

– 2χ1 (ξi1) f (ξi1 , ηi1 ; θk))

Perform a number of gradient descent steps
with a minibatch (random points) sk using the
adaptive Adam algorithm (or other neural
network learning algorithm) with learning rate
αk (the learning rate αk is updated
automatically at each step):

θk+1 ← θk − αk∇θLQ (f, sk; θk).

until ||θk+1 − θk|| < ε; /* absolute tolerance */
θ ← θk+1;

6. CONCLUSIONS

We derived the loss functional, based on the qua-
siclassical variational principle, to train a neural net-
work for hyperbolic PDE. The obtained loss func-
tional (11) has obvious advantages over the residuals
functional (10) for BVP (3), (4), because the quasi-
classical loss functional (11) contains only first-order
derivatives of unknown function and requires evalua-
tion of two integrals over the domain Ω and the seg-
ment γ1 of the boundary ∂Ω, while the residual loss
functional (10) contains derivatives of unknown func-
tion up to the second order and requires evaluation
of one integral over the domain Ω and four integrals
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Fig. 11. 3D surface of absolute error of PINN approx-
imation to BVP (3), (7) with quasiclassical loss func-
tional (11).

over the segments γ1, γ2, γ3, γ4 of the boundary ∂Ω.
The implementation of the neural network training
Algorithm 2 with the obtained loss functional (11)
demonstrates the convergence of the neural network
training process and the achievement of sufficiently
high quality indicators of the resulting neural network
for the boundary value problem (3), (4).
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